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ABSTRACT 

We consider a twisted version of the four-dimensional Af = 4 supersymmet- 
ric Yang-Mills theory with gauge groups SU{2) and S0{3), and bare masses for 
two of its chiral multiplets, thereby breaking A/" = 4 down to A/" = 2. Using the 
wall-crossing technique introduced by Moore and Witten within the u-plane ap- 
proach to twisted topological field theories, we compute the partition function and 
all the topological correlation functions for the case of simply-connected spin four- 
manifolds of simple type. By including 't Hooft fluxes, we analyse the properties 
of the resulting formulae under duality transformations. The partition function 
transforms in the same way as the one first presented by Vafa and Witten for 
another twist of the J\f = 4 supersymmetric theory in their strong coupling test 
of 5'-duality. Both partition functions coincide on K3. The topological correla- 
tion functions turn out to transform covariantly under duality, following a simple 
pattern which seems to be inherent in a general type of topological quantum field 
theories. 
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1. Introduction 



During the last few years we have witnessed an important development of 
topological quantum field theory in four dimensions. The use, in the context of the 
Donaldson- Witten theory [1], of exact results on supersymmetric gauge theories 
[2,3] led to the discovery of an important new set of topological invariants: the 
Seiberg- Witten invariants [4] . It turned out that the Donaldson invariants for four- 
manifolds, among other topological invariants, can be written in terms of these. 
The discovery of the Seiberg- Witten invariants triggered the study of new types of 
topological quantum field theories. For some years now, there has been considerable 
interest in studying the twisted counterparts of several extended supersymmetric 
gauge theories, from which many astonishing links between the topology of low- 
dimcnsional manifolds and the dynamics of strongly-coupled supersymmetric gauge 
theories have been unveiled. 

Last year, important progress on the formulation of some topological quan- 
tum field theories in terms of effective actions associated to supersymmetric gauge 
theories was achieved by Moore and Witten [5]. They studied the problem of 
integrating over effective theories (w-plane integration) and introduced the tech- 
nique of wall crossing to fix some of the unknown quantities which are present 
in the procedure. In their work they rediscovered known results for manifolds of 
simple type, and provided a general formulation for general manifolds and for a 
wide variety of topological quantum field theories related to twisted supersymmet- 
ric gauge theories with and without matter multiplets. The aim of this paper is 
to apply their techniques to compute all the topological correlation functions of a 
topological quantum field theory based on twisted J\f — A supersymmetric gauge 
theory with gauge groups SU{2) and SO (3) for the case of simply-connected spin 
four-manifolds of simple type. 

J\f = 4 supersymmetric gauge theories are conformal field theories for which it 
is beheved that the duahty symmetry proposed by Montonen and Ohve [10] holds 
exactly. This feature is also beheved to be shared by other finite field theories as. 
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for example, the one which originates after introducing equal masses for two of 
the chiral multiplets of the A/" = 4 super symmetric gauge theory, thus breaking 
the A/" = 4 supersymmetry down to A/" = 2. Upon twisting, all these theories 
have their topological counterparts. Actually, theories with A/" = 4 supersymmetry 
lead to three different topological quantum field theories [6-8]. It is natural to 
expect that the topological quantum field theories which result from the twist of 
a theory having the duality symmetry also possess such a symmetry. This was 
tested by Vafa and Witten [9] for one of the twisted theories arising from J\f — A 
supersymmetric gauge theories, for the case of gauge groups of rank 1 and a wide 
varity of four-manifolds. In their work they used known mathematical results to 
verify that the partition function of the theory does indeed transform as expected 
under duality transformations. 

In this paper we do not attempt to rediscover the partition function computed 
by Vafa and Witten using wall-crossing techniques within the w-plane approach. 
We will apply these techniques to compute topological correlation functions of a 
topological theory for which one expects the same type of duality properties as 
the ones found in the theory considered by Vafa and Witten. The theory is based 
on another twist of the A/" = 4 supersymmetric gauge theories, also known as the 
half-twist, or twist leading to adjoint non-Abelian monopoles [6,8]. Actually, we 
will be considering a more general theory in which equal masses are introduced 
for two of the chiral multiplets. The model possesses an important feature, which 
makes it more attractive than the one considered in [9]: topological correlation 
functions different from the partition function are non-trivial. Explicit formulae 
for these correlation functions will teach us how correlators transform under duality 
in theories for which the duality symmetry holds exactly. 

The main goal of this paper is to compute the generating function of all the 
topological correlation functions of the topological quantum field theory under 
consideration, for the case of simply-connected spin manifolds of simple type. We 
find that the partition function possesses, for any value of the mass parameter, 
the same type of duality transformation properties as the one considered by Vafa 
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and Wittcn, and that on K3 both actions coincide. Since our analysis is based on 
wall-crossing techniques and -u-plane integration, the partition function, as well as 
the topological correlation functions, are expressed in terms of the Seiberg-Witten 
invariants. The duality transformations of the correlation functions turn out to be 
very natural. As we show below, they are the same as those inherent in a simple 
Abehan topological model. 

The paper is organized as follows. In sect. 2 we review the structure of the 
moduli space of A/" = 4 supersymmetric gauge theories in four dimensions. In sect. 
3 we describe the topological quantum field theory involving adjoint non-Abelian 
monopoles, which results from one of the twists of the A/" = 4 supersymmetric 
gauge theory. In sect. 4 we introduce the u-plane integral and use wall-crossing 
techniques to derive the contributions from the twisted effective theories at the 
singularities of the low-energy effective description, and we present the explicit 
form of the generating function for the topological correlation functions. In sect. 
5 we study its transformation properties under duality. In sect. 6 we analyse 
the massless limit and the Af = 2 limit, which leads to Donaldson invariants. In 
addition, we also show in this section that the partition function coincides on K3 
with the one found by Vafa and Witten in [9], and we extend their results by 
presenting the full generating function of topological correlators for the massive 
theory. Finally, in sect. 7 we state our conclusions. An appendix deals with a set 
of useful identities and definitions used in the paper. 
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2. The moduli space of A/" = 4 super symmetric 
gauge theories in four dimensions 



In this section we review some aspects of the Seiberg-Witten solution for the 
low-energy effective description of the four-dimensional J\f — 4 supcrsymmetric 
gauge theory. 

2.1. H ^ A SUPERSYMMETRIC GAUGE THEORY 

We begin with several well-known remarks concerning the J\f — A supcrsymmet- 
ric gauge theory on flat H^. Prom the point of view ofJ\f — 1 superspace, the theory 
contains one Af — 1 vector multiplet and three Af — 1 chiral multiplets. These 
supermultiplets are represented in jV' = 1 superspace by the superflelds V and 
(s = 1, 2, 3), which satisfy the constraints V — and D^^s — 0, Da being a su- 
perspace covariant derivative*. The physical component fields of these superfields 
wiU be denoted as follows: V Aad, ^Aa, A^q,; $s,$^'* Bs, Xsa, B^'^, X^a- 
The J\f = 4 supersymmetry algebra has the automorphism group SU{4:)j, under 
which the gauge bosons are scalars, while the gauginos and the scalar fields are 
arranged into a pair of spinors Xua ffi X^a transforming in the 4 © 4, and a self- 
conjugate antisymmetric tensor 0^^, in the 6. All the above fields take values in the 
adjoint representation of some compact Lie group G. In this paper we will work 
with G — SU{2) or SO{3), which are equivalent as long as we stay on H^. 

The action takes the following form in jV" = 1 superspace: 



where Wa = ~trD^^ ^ D^e^ and tq = |^ + is the microscopic complexified 



★ We follow the same conventions as in [8]. 
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coupling. 

The theory is invariant under four independent supersymmetries which trans- 
form under SU{A)i, but only one of these is manifest in the J\f — 1 superspace 
formulation (2.1). The global symmetry group oi J\f — 4 supersymmetric theories 
in nMs = SU(2)l0 SU(2)r (g) ,SC/(4)/, where /C = SU{2)l® SU(2)ii is the 
rotation group 5*0 (4). The fermionic generators of the four supersymmetries are 
Q^a and Qua- They transform as (2, 1, 4) © (1, 2, 4) under Ti. 

2.2. The mass-deformed theory and the Seiberg-Witten solution 

The massless J\f — 4 supersymmetric theory has zero beta function, and it is 
believed to be exactly finite and conformally invariant, even non-perturbatively. It 
is in fact the most promising candidate for the explicit realization of the strong- 
weak coupling duality symmetry conjectured some twenty years ago by Montonen 
and Ohve [10]. This theory has a moduli space of vacua in the Coulomb phase 
consisting of several equivalent copies which are interchanged by the SU{4)j sym- 
metry. Each of these copies corresponds to one of the scalar fields (j)uv developing 
a non-zero vacuum expectation value. There is a classical singularity at the origin 
of the moduli space, which is very likely to survive even in the quantum regime. 

A more interesting theory is the one which results after deforming the H — 4 
supersymmetric theory by giving bare masses, m J d^xd^^Tr($i$2) + h.c. , to two 
of the chiral multiplets. This mass-deformed theory still retains Af — 2 super- 
symmetry: the massive superfields build up an = 2 hypermultiplet, while the 
remaining chiral superfield, together with the vector superfield, build up an A/" = 2 
vector multiplet. The low-energy effective description of this theory was worked 
out, for the SU{2) gauge group, by Seiberg and Witten in [3]. Their results were 
subsequently extended to SU{N) by Donagi and Witten in [11], where a link to 
integrable systems was established. Some quantitative discrepancies between the 
proposed solution and explicit instanton calculations have been pointed out in [12]. 
The exphcit structure of the effective theory for gauge group SU (2) has been much 
clarified by Ferrari [13], who has also given a detailed account of the BPS spectrum. 
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For gauge group SU{2) and for generic values of the mass parameter, the 
moduli space of physically inequivalent vacua forms a one complex-dimensional 
compact manifold (the w-plane). This manifold parametrizes a family of elliptic 
curves, which encodes all the relevant information about the low-energy effective 
description of the theory. The explicit solution is given by the curve: 



y2 ^ n - e,(ro)^ - \e]{TQW) , (2.2) 

where 

ei(ro) = ^(^| + ^|), e2(ro) = -^(^| + ^|), e3(ro) = ^(^| - ^|), (2.3) 

and 'd2{T), ■i?3(r), (r) are the Jacobi theta functions - see the appendix for more 
details. 

The parameter z in (2.2) is a global gauge-invariant coordinate on the moduli 
space and it is a modular form of weight 2 under the microscopic duality group. 
It differs from the physical order parameter (Tr0^) by instanton corrections [12], 
which are not predicted by the Seiberg-Witten solution. The precise relation is 
given by: 

oo 
n=l 

Notice that the instanton corrections Cn are invisible in the double-scaling limit 
50 — 0, m — > oo, 4m^go = -^o^; under which the mass-deformed theory flows 
towards the pure gauge theory and z ^ u — (Tr 0^) . Here Aq is the dynamically 
generated scale of the — 2, Nj — theory. 

The low-energy description breaks down at certain points Zi where the elliptic 
curve degenerates. This happens whenever any two of the roots of the cubic poly- 
nomial n^=i ~ ^j^ ~ (l/4)eym^ ] coincide. These singularities, which from the 
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physical point of view are interpreted as due to BPS-saturated multiplets becoming 
massless, are located at the points [3]: 

m 

Zi = —Ci (2.5) 

Following Ferrari [13], we choose go small, m large, with m'^qo ~ Aq^. Under 
these circumstances, at strong (effective) coupling, there are two singularities at Z2, 
zs, with I — -^3 1 ~ Aq^, which flow to the singularities of the pure gauge theory in 
the double-scaling limit. At weak (effective) coupling, there is a third singularity, 
located at zi, due to an electrically charged (adjoint) quark becoming massless. 
For this choice of parameters, we have the explicit formulas: 

Mro)''z-zs' Mro)'' z - zs' ^^"^^ 

relating the coordinate z to the modulus k of the associated elliptic curve (2.2). 
Here r is the complexified effective coupling of the low-energy theory, and enters 
the formalism as the ratio of the two basic periods of the elliptic curve. The first 
period of the curve is given by the formula: 

P = J, m), (2.7) 

dz TT VsiroYVz - Z3 

where 

K{k) = lUrf (2.8) 

is the complete elliptic integral of the first kind. The second period can be com- 
puted from (2.7) as = r^. Owing to the cuts and non-trivial monodromies 
present on the ti-plane*, is not globally defined, and the actual formulas are 
somewhat more complicated [13]. In any case, the final expression for the u-plane 
integral will be invariant under monodromy transformations, so the above naive 
expression is sufficient for our purposes. 



★ "z-plane" would be more accurate here, but the former terminology is by now so widespread 
that we prefer to stick to it. 
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Around each of the singularities we have the following series expansion: 



z = Zj -\- Kj g-j 2 + • • • (2.9) 

where qj — e^'^*'^^ is the good local coordinate at each singularity: ri — r for the 
semiclassical singularity Sii zi, r2 — td — for the monopole singularity at Z2, 
and Ts — Td — — (t-Ii) foi" the dyon singularity at Z3. 

Using (2.6), one can readily compute: 



'(2.10) 

At the singularities, each of the periods has a finite limit when expressed in 
terms of the appropriate local coordinate: 

fda\ ^ 2 1 



4- 



\dz J ^ (i?3(ro)7?4(ro)) 

daD\ ' 2 1 ^2.11) 



dz J 2 m2(^2(ro)^3(ro))4^ 
(i(a75 — a) \ ^ 2 1 



^3 m2(i?2(ro)^4(ro))4- 
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3. Twists of the A/" = 4 supersymmetric theory 



The twisting procedure in the context of four-dimensional supersymmetric 
gauge theories was introduced by Witten in [1], where he showed that the twisted 
version of the M = 2 supersymmetric gauge theory with gauge group SU (2) is a 
relativistic field-theory representation of the Donaldson theory of four-manifolds. 

In four dimensions, the global symmetry group of the extended supersymmetric 
gauge theories is of the form SU{2) l ® SU{2)r ® T, where /C = SU{2) l ® SU{2)r 
is the rotation group, and X is the chiral 7?.-symmetry group. The twist can be 
thought of either as an exotic realization of the global symmetry group of the 
theory, or as the gauging (with the spin connection) of a certain subgroup of the 
global 7?.-current of the theory. 

While in jV = 2 supersymmetric gauge theories the 7?.-symmetry group is 
at most U{2) and thus the twist is essentially unique (up to an exchange of left 
and right), in the J\f = A supersymmetric gauge theory the 7?--symmetry group is 
SU (4) and there are three different possibilities, each corresponding to a different 
non- equivalent embedding of the rotation group into the 7^-symmetry group [6,8,9]. 
Two of these possibilities give rise to topological field theories with two independent 
BRST-like topological symmetries. One of these was considered by Vafa and Wit- 
ten [9] in order to carry out an explicit test of ^'-duality on several four-manifolds. 
The key point of their calculation was that the partition function of this theory 
computes, on certain four-manifolds, the Euler characteristic of instanton moduli 
spaces, making it possible to fix, by comparing with known mathematical results, 
several unknown modular functions which could not be determined otherwise. The 
final computation required the introduction of a clever mass perturbation which, 
while breaking down the A/" = 4 supersymmetry of the physical theory down to 
J\f = 1, still preserves one of the topological symmetries of the theory. This proce- 
dure, first introduced by Witten in [14] and commonly referred to as the abstract 
approach, is restricted to Kahler manifolds with > 1. Vafa and Witten con- 
jectured that, in the case of the theory they were considering, the perturbation 



9 



did not affect the final result for the partition function. Their conjecture has been 
recently confirmed by a careful analysis in [15]. Recently, Dijkgraaf et al. [16] 
have shown that, on Kahler four-manifolds with feg^ > 1, Vafa and Witten's parti- 
tion function can be explicitly rewritten in terms of the Seiberg-Witten invariants, 
thereby establishing an interesting link to four-dimensional Af — 2 supersymmetric 
theories, which would be worthwhile to explore in the future. 

The second possibility was first addressed by Marcus [7], and his analysis was 
extended in [8,17]. It describes essentially intersection theory on the moduli space 
of complexified flat gauge connections. This theory was shown in [8] to be am- 
phicheiral, which in this context means that the twisting with either SU{2)l or 
SU{2)ji leads to the same result. 

The remaining possibility leads to the half-twisted theory, a topological theory 
with only one BRST symmetry [6,8]. This theory is, in essence, the so-called 
non-Abelian monopole theory [18-21], the non-Abelian generalization of Witten's 
monopole theory [4], in the particular case in which the matter flelds are in the 
adjoint representation of the gauge group. This close relation to twisted M — 2 
supersymmetric theories is not an accident, since the half- twisted theory is precisely 
the twisted counterpart of the mass-deformed A/" = 4 supersymmetric theory. In 
what follows, we will analyse this theory in great detail. 

3.1. Adjoint non-Abelian monopoles 

The theory we wish to study can be formulated in several different - but 
equivalent - ways, which we now recall. It can be obtained by twisting the J\f = A 

supersymmetric theory in a certain fashion first discussed by Yamron [6]. The 
details are as follows. First break SU (4)/ down to SU (2) a SU (2) ^ [/(I), then 
replace SU{2)l by its diagonal sum SU{2)'j^ with SU{2)a. After the twisting, the 
symmetry group of the theory becomes H' = SU{2)'^ ® SU{2)r (g) SU{2)b O U{1), 
where the last factor is the Abehan ghost number symmetry of the topological 
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theory. Under the supercharges spht up as 

Q a ^ Q{Pa)i Qi Q a-i Qva ^ Qaat Qia (^-l) 

where i is an SU{2)b index. The twist gives rise to a scalar supercharge which 
is a certain hnear combination of the original supercharges. 

The fields of the J\f = 4 supersymmetry multiplet transform under 7i' as follows 
- in the notation of [6]: 

The superscript stands for the ghost number carried by each of the fields. Notice 
that the field Xap is symmetric in its spinor indices and can therefore be regarded as 
a self-dual two-form. As explained in [8], the isospin group is not manifest in the 
field-theory realization we are interested in. Instead, we reorganize the SU{2)b 
doublets in (3.2) into three pairs of complex-conjugate spinors: A^q, fi^, fia] 
Cid ~^ ^a, ^a, Gia ^ Ma, Ma- Taking this into account, the field content of the 
twisted theory consists of two scalar fields {(f)^^'^\ X^""^^}, two left-handed spinors 
{M^\ Ma^}, two auxiliary right-handed spinors {h^^\ ^^d^}^ ^ one-form A^^^, and 
a self-dual auxiliary two-form H^^ on the bosonic (commuting) side; and a scalar 
field ri^^^\ a pair of left-handed spinors p^^^}, two right-handed spinors 

{^i ^^'^i ^^}' ^ one-form t/j^^ and a self-dual two-form Xap^ the fermionic 
(anticommuting) side. 

The twisted J\f = 4 super symmetric action breaks up into a Q-exact piece (that 
is, a piece which can be written as {Q, T}, where T is a functional of the fields of 
the theory), plus a topological term proportional to the instanton number of the 
gauge configuration, 

«5twisted = {Q, T} - 2mnTo, (3.3) 

with n = /^Tr(F A F) = ^ ^Tr (*F^i,F'^^), the instanton number, 
which is an integer for SU{2) bundles but a half-integer for non-trivial SO{3) 
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bundles on spin four-manifolds. Therefore, as pointed out in [9], one would expect 
the SU{2) theory to be invariant under tq ro + 1, while the 5*0(3) theory should 
be only invariant under tq ^ tq + 2 on spin manifolds. Notice that, owing to (3.3), 
the partition function depends on the microscopic couplings eo and only through 
the combination 27rinTo, and in particular this dependence is a priori holomorphic 
(if we reversed the orientation of the manifold X, the partition function would 
depend anti-holomorphically on tq). However there could be manifolds in which, 
because of some sort of holomorphic anomaly, the partition function would acquire 
an explicit anomalous dependence on tq. This seems to be the case, for example, 
for the partition function of the Vafa-Witten twist on CP^ [9]. 

In the twisting procedure, one couples the twisted action (3.3) to arbitrary 
gravitational backgrounds, so as to deal with its formulation for a wide variety of 
manifolds. In general, the procedure involves the covariantization of the flat-space 
action, as well as the addition of curvature terms to render the new action as a Q- 
exact piece plus a topological term as in (3.3). Actually, on curved space one might 
think of additional topological terms - such as j R A R or j R A *R, with R the 
curvature two-form of the manifold - besides the one already present in (3.3). Thus, 
the action which comes out of the twisting procedure is not unique (even modulo 
Q-exact terms), since it is always possible to add c-number terms, which vanish 
on flat space but are nevertheless topological. In a topological field theory in four 
dimensions, those terms are proportional to the Euler number x a-nd the signature 
(7 of the manifold X. In order to keep the holomorphicity in tq, the proportionality 
constants must be functions of tq. At this stage one does not know which particular 
functions to take, but clearly good transformation properties under duality could 
be spoiled if one does not make the right choice. It seems therefore that there 
exists a preferred choice of those terms, which is compatible with duality. This 
issue was treated in detail in [9], where it was shown that a c-number of the form 
—iTTTQx/ 6 was needed in the topological action in order to have a theory with good 
transformation properties under duality. For the theory considered in this paper, 
it turns out that the c-number which must be present in the action has the form 
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—inTQ^x + o')/2 if 2x + 3a = mod 32, and i7r(2x + 3a)/ 8 otherwise. This will be 
shown in section 4. 

The significance of the above field spectrum, as well as the underlying geometric 
structure of the topological theory, can be most transparently understood within 
the framework of the Mathai-Quillen formalism [27] (for a review of the Mathai- 
Quillen formalism in the context of topological field theories, see [22-26]). Prom 
this viewpoint, the theory is defined in terms of the monopole equations: 

+2[M(„,M^)] = 0, 

\ VaaM^ = 0, 

which characterize the fixed points of the BRST symmetry generated by Q. These 
equations are now interpreted as defining a section s : A4 ^ V in the trivial vector 
bundle V ^ M x where M ^ Ax r{X, 5*+ <S> adP) is the field space, and the 
fibre is = n'^'+{X, adP) r{X, S' (g) adP), whose zero locus - modded out by 
the gauge symmetry - is precisely the desired moduli space. A denotes the space 
of connections on a principal G-bundle P — > X, r{X, 5"+ (8) adP) is the space of 
sections of the product bundle S'^ (8) adP, that is, positive chirality spinors taking 
values in the Lie algebra of the gauge group, while adP) denotes the space 

of self-dual two-forms on X taking values in the Lie algebra of G. adP denotes 
the adjoint bundle of P, P x^^^ g (g stands for the Lie algebra of G). The space 
of sections of this bundle, fP{X, adP), is the Lie algebra of the group Q of gauge 
transformations (vertical automorphisms) of the bundle P. 

In this setting A and Mq, define the field space; -0 and fj, are ghosts living 
in the (co)tangent space T*A4; and u are fibre antighosts associated to the 
equations (3.4), while and h are their corresponding auxiliary fields; finally, </> 
- or rather its vacuum expectation value (0) - gives the curvature of the principal 
^-bundle A4 A4/G, while A and rj enforce the horizontal projection Ji4 M./Q. 
The BRST symmetry generated by Q is the Cartan model representative of the 
^-equi variant differential on V, while the ghost number is just a form degree. The 
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exponential of the action of the theory gives, when integrated over the antighosts 
and their auxihary fields, the Mathai-Quillen representative for the Thorn form of 
the principal bundle M x T ^ 8 = M y^gT. 

Notice that the twisted theory contains several spinor fields. This means that 
the theory is not well defined on those manifolds that do not admit a spin structure. 
As explained in [18,19,28] - see [4] for a related discussion -, one could try to avoid 
this problem by coupling the spinor fields to a fixed (background) Spiuc structure. 
We will not follow this path here, and therefore we will take X to be an - otherwise 
arbitrary - spin four-manifold. 

It would be interesting to know whether the mass-deformed theory has an 
analogue twisted version which is also a topological quantum field theory, but now 
with massive fields. It turns out that this is indeed the case (it was shown for 
the M = 2 super symmetric theory with one hypermultiplet in the fundamental 
representation in [29,30], and it is straightforward to extend their result to the 
present situation). As shown in [31], the theory is in fact an equivariant extension 
of the massless theory with respect to a C/(l) symmetry which rotates the monopole 
fields, M — > e*"M, M e~^'^M. Prom this viewpoint, m can be thought of as the 
generator of this U{1) symmetry. 

The linearization of eqs. (3.4) provides a map ds : Ai ^ J-', which fits into the 
deformation complex [8]: 

— > n^{X, &dP)-^n\X, adP) © T{X, S+ O adP) 

w (3-5) 
-^fl'^'+iX, adP) © r{X, S- (g) adP), 

where the map C : Q^{X, adP) — TM. is given by: 

C(0) = {dA(j), i[M, 0]), e n^{X, adP). (3.6) 

The index of the complex (3.5) gives the virtual dimension of the moduli space. 
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One can show in this way that, for gauge group SU{2): 

dim(M) = -^(2x + 3a), (3.7) 

where x is the Euler characteristic of the four-manifold X and a its signature. 
Notice that the dimension of the moduh space does not depend on the instanton 
number of the gauge configuration. 

Topological invariants are obtained by considering the vacuum expectation 

value of arbitrary products of observables, which are operators that are Q-invariant 
but not Q-cxact. As discussed in [8,20], the relevant observables for this theory and 
gauge group SU{2) or 5'0(3), are precisely the same as in the Donaldson- Witten 
theory [1]: 

iyo=^Tr(0^ W.^^T^l ^^^^^ 

=^Tr(20F + V AV'), M^s =^Tr(V' A F). 
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The operators Wi have positive ghost numbers given by 4— i and satisfy the descent 
equations 

[Q,Wi}^dWi-i, (3.9) 

which imply that 

q{i,) ^ J ^.^ (3 10) 

7j being homology cycles of X, are observables. 

The vacuum expectation value of an arbitrary product of observables has the 
general form (modulo a term which involves the exponential of a linear combination 
of X and cr), 

\ 7j / n \ I ^ 

where n is the instanton number and ^117^ ^^^^''^ vacuum expectation 

value computed at a fixed value of n. These quantities are independent of the 



15 



coupling constant eg. When analysed in the weak coupling limit, the contributions 
to the functional integral come from field configurations which are solutions to 
eqs. (3.4). All the dependence of the observables on tq is contained in the phases 
exp(— 27rinro) in (3.11). The question therefore arises as to whether the vacuum ex- 
pectation values of these observables have good modular properties under 5*^(2, Z) 
transformations acting on tq. One of the aims of this paper is to show that this is 
indeed the case, at least for spin four-manifolds of simple type (although one could 
easily extend the arguments presented here to all simply-connected spin manifolds 
with 6j > 1). 

The ghost-number anomaly of the theory restricts the possible non-trivial topo- 
logical invariants to be those for which the overall ghost number of the operator 
insertions matches the anomaly —(3/4) (2% -|- 30"). Notice that since any arbitrary 
product of observables has necessarily positive ghost number, there will be no 
non-trivial topological invariant for those manifolds for which 2% -|- 3a is strictly 
positive. On the other hand, if 2x + 3a < 0, there is only a finite number - if 
any - of non-trivial topological invariants. Finally, when 2x + 3a — 0, as is the 
case for K3, for example, the only non-trivial topological invariant is the partition 
function. Moreover, as the physical and twisted theories are actually the same 
on hyper-Kahler manifolds as K3, this partition function should coincide with the 
one computed by Vafa and Witten for another twist of the J\f = 4 supersymmetric 
theory in [9]. Below we will show that this is indeed the case. Notice that this 
assertion does not apply to the twist first considered by Marcus, as it actually 
involves two independent twists, one on each of the SU{2) factors of the holonomy 
group of the manifold [6-8] . 

The selection rule on the topological invariants that we have just discussed 
does not apply of course to the massive theory, as the mass terms explicitly break 
the ghost number symmetry. However, the following is a useful constraint. The 
mass perturbation m f o?^^Tr($i$2)+^ / ci^^Tr($J$2) can be twisted as well, and 
provides Lorentz-invariant mass terms for the monopoles Mq, and their partners 
/la and Ua- These mass terms break up into a Q-exact piece (which can therefore 
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be discarded when computing vevs of Q-invariant operators), and a second piece, 
mAC, which is hnear in m and does not depend on m - see eqs. (4.39)- (40) in 
[31]. Here AC is a polynomial function in the fields with net ghost number —2. 
The partition function of the massive theory can be interpreted as the vev of the 
operator e^'^^ in the massless theory. This vev must be understood as a series 
expansion in powers of m, 

Each term in the above expansion has successively lower ghost number —2i. As 
explained above, the only non-vanishing correlator will be that for which the net 
ghost number of the operator insertion {—2£ for the £-th term) equals the anomaly 
of the theory, — (3/4) (2%+ 3(j) . This forces the dependence of the partition function 
on m to be of the form: 

{l)m = ml^^^+^-^F{To,x,<7), (3.13) 

where F is a certain function to be determined below. 

A simple check to test that (3.13) leads to the correct dependence on the mass 
is the following. The action (3.3), perturbed by mass terms as above, is invariant 
under a [/(I) chiral transformation - that is, a ghost number transformation - if 
the field transformations are accompanied by an appropriate rescaling of the mass 
parameter. However, the partition function, as well as the correlation functions, is 
not invariant - unless the appropriate selection rule is satisfied - due to a contri- 
bution from the measure that is proportional to the chiral anomaly, which is given 
precisely by (3.7). Thus, these quantities should transform into themselves times 
a term proportional to the exponential of the chiral anomaly. This is in fact the 
behaviour of (3.13) under a rescaling of m. 
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4. Integrating over the ii-plane 



The functional-integral (or microscopic) approach to twisted supersymmetric 
quantum field theories gives great insight into their geometric structure, but it 
does not allow us to make explicit calculations. Once the relevant set of field 
configurations (moduli space) on which the functional-integral is supported has 
been identified, the computation of the partition function or, more generally, of 
the topological correlation functions, is reduced to a finite-dimensional integration 
over the quantum fluctuations (zero modes) tangent to the moduli space. For 
this to produce sensible topological information, it is necessary to give a suitable 
prescription for the integration, and a convenient compactiflcation of the moduli 
space is usually needed as well. This requires an extra input of information which, 
in most of the cases is at the heart of the subtle topological information expected 
to capture with the invariants themselves. 

The strategy to circumvent these problems and extract concrete predictions 
rests in taking advantage of the crucial fact that, by construction, the generat- 
ing functional for topological correlation functions in a topological quantum field 
theory is independent of the metric on the manifold. This implies that, in princi- 
ple, these correlation functions can be computed in either the ultraviolet (short- 
distance) or infrared (long-distance) limits. The naive functional-integral approach 
focuses on the short-distance regime, while long-distance computations require a 
precise knowledge of the vacuum structure and low-energy dynamics of the physical 
theory. 

Following this line of reasoning, it was proposed by Witten in [4] that the 
explicit solution for the low-energy effective descriptions for a family of four- 
dimensional M = 2 supersymmetric field theories presented in [2,3] could be used 
to perform an alternative long-distance computation of the topological correlators 
which relies completely on the properties of the physical theory. This idea is at 
the heart of the successful reformulation of the Donaldson invariants, for a cer- 
tain subset of four-manifolds, in terms of the by now well-known Seiberg- Witten 
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invariants, which are essentially the partition functions of the twisted effective 
Abelian theories at the singular points on the moduli space of vacua of the physi- 
cal, J\f = 2 supersymmetric theories. The same idea has been subsequently applied 
to some other theories [5,20,32-34], thereby providing a whole set of predictions 
which should be tested against explicit mathematical results. The moral of these 
computations is that the duality structure of extended supersymmetric theories 
automatically incorporates, in an as yet not fully understood way, a consistent 
compactification scheme for the moduli space of their twisted counterparts. 

The standard computation of this sort involves an integration over the moduli 
space of vacua (the ti-plane) of the physical theory. At a generic vacuum, the 
only contribution comes from a twisted J\f — 2 Abelian vector multiplet. The 
effect of the massive modes is contained in appropriate measure factors, which also 
incorporate the coupling to gravity - these measure factors were derived in [35] by 
demanding that they reproduce the gravitational anomalies of the massive fields 
-, and in contact terms among the observables - the contact term for the two- 
observable for the SU{2) theory was derived in [5] and was subsequently extended 
to more general observables and other gauge groups in [32,34,36]. 

The total contribution to the generating function thus consists of an integra- 
tion over the moduli space with the singularities removed - which is non- vanishing 
for b2{X) — 1 [5] only - plus a discrete sum over the contributions of the twisted 
effective theories at each of the singularities. The effective theory at a given singu- 
larity should contain, together with the appropriate dual photon multiplet, several 
charged hypermultiplets, which correspond to the states becoming massless at the 
singularity. The complete effective action for these massless states contains as well 
certain measure factors and contact terms among the observables, which reproduce 
the effect of the massive states which have been integrated out. However, it is not 
possible to fix these a priori unknown functions by anomaly considerations only. 
As first proposed in [5] - see [32,33,36] for more details and further extensions 
-, the alternative strategy takes advantage of the wall-crossing properties of the 
u-plane integral. It was shown in [5] that at those points on the w-plane where the 
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(imaginary part of the) effective coupling diverges, the integral has a discontinuous 
variation when the self-dual two-form uj, which gives a basis for iJ^'+(X), is such 
that, for a given gauge configuration A G H^{X; Z), the period u ■ A changes sign. 
This is commonly referred to as "wall crossing". The points where wall crossing 
can take place are the singularities of the moduli space due to charged matter 
multiplets becoming massless - the appropriate local effective coupling r diverges 
there - and, in the case of the asymptotically free theories, the point at infinity, 
— > oo, where also the effective electric coupling diverges owing to asymptotic 
freedom. 

On the other hand, the final expression for the invariants can exhibit a wall- 
crossing behaviour at most at w — > oo, so the contribution to wall crossing from 
the integral at the singularities at finite values of u must cancel against the contri- 
butions coming from the effective theories there, which also display wall-crossing 
discontinuities. As shown in [5], this cancellation fixes almost completely the un- 
known functions in the contributions to the topological correlation functions from 
the singularities. 



4.1. The integral for = 4 supersymmetry 

The complete expression for the li-plane integral for the gauge group SU{2) 
and Nf < A was worked out in [5]. The appropriate general formulas for the 
contact terms can be found in [32,34,36]. These formulas follow the conventions in 
[3], according to which, for Nf = 0, the w-plane is the modular curve ofr0(4). In 
this formalism, the monodromy associated to a single matter multiplet becoming 
massless is conjugated to T. As for the J\f = A supersymmetric theory, it is 
more convenient to use instead a formalism related to r(2), in which the basic 
monodromies are conjugated to T^. Our formulas follow straightforwardly from 
those in [5,32,36], with some minor changes to conform to our conventions. 
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The integral in the A/" = 4 super symmetric case, for gauge groups SU{2) or 
5*0 (3) and on simply-connected four-manifolds, is given by the formula: 



= Z^ip, S, m, r,) = \j ^Mr)e2^^+^^^(^)*, (4.1) 



plane ^ „ ^ 

C 



where y = Imr. The expression (4.1) gives the generating function for the vacuum 
expectation values of two of the observables in (3.10): 

^-iTr(0^ 



(4.2) 

^ iri^Z(/)^ + ^ A tp). 

s 



I{S)^ J ^TV(20F + V^A^). 



Here, 5" is a two-cycle on X given by the formal sum 5" = ^a^a^a, 
where {Sa}a=i,...,b2{X) two-cycles representing a basis of H2{X), and = 
'^ab^aO^b^i^a H Sb), where tK'S'a fl Sh) is the intersection number of Sa and Sj,. 
Notice that since we are restricting ourselves to simply- connected four-manifolds, 
there is no non-trivial contribution from the one- and three-observables Wi and 
Ws in (3.10). The generalization to the non-simply-connected case was outlined in 
[5], and it has been recently put on a more rigorous basis in [33]. 

The measure factor //(r) is given by the expression: 

.M^/Kx,...o)|(f)"''A'/«, (4.3) 
where A is the square root of the discriminant of the Seiberg-Witten curve (2.2): 
A = riiron^ - zi){z - Z2){z - zs) - 



2^{da/dz)^ 



2^{daD/dzf 2^{d{aD - a)/dzf ' 

where r]{T) is the Dedekind function and /(m, x, c, tq) is a universal normalization 
factor which cannot be fixed a priori. It can be fixed in the Nf — case by 
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comparing with known results for the Donaldson invariants [5] , but a first-principle 
derivation from the microscopic theory in the general case is still lacking - see 
however [35], where some steps in this direction have already been taken. 

In eq. (4.1) T(z) is the monodromy-invariant combination: 

where the contact term T{z) is given by the general formula [32,36]: 

4 

= Via^- («) 

Here JF is the prepotential governing the low-energy dynamics of the theory. 
For the asymptotically free theories, tq is defined in terms of the dynamically 
generated scale AjVy^ of the theory by [36]: (ANf)^^^^ = e*'^'^°, while for the finite 
theories Nf = 4 and jV = 4 it corresponds to the microscopic coupling. For 
the N — A theory one gets from (4.6) [36] - see also [37] for further details and 
extensions: 



=4^^.M (|)%^^.(r„)i + ^^^.(r„), (4.7) 

where E2 and £^4 are the Eisenstein functions of weight 2 and 4, respectively - see 
the appendix for further details. 

Under a monodromy transformation acting on r (holding tq fixed), r 
{ar + b)/{cT + d), the contact term (4.6) transforms into itself plus a shift: 
T{z) T{z) + 2^ ^^'^^ ((j2:/(ja)^. Under a microscopic duality transformation 
To — >■ (aro + b)/ (ctq -|- d), the situation is slightly more involved. As these duality 
transformations interchange the singularities, they induce a non-trivial monodromy 
transformation r {ar + b)/{cT + d) on the effective low-energy theory [13]. Un- 
der these combined duality transformations one has, for example, z — > (ctq -|- d)'^z, 
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{dz/da) ^^^^{dz/da), so that [37]: 



T{z) ^ (cro + d)^ ( T{z) + —.{dz/da)A - -(ctq + dfcz (4.8) 

V 27r cT + d / 

The factor ^ in (4.1) is essentially the photon partition function, but it con- 
tains, apart from the sum over the Abelian line bundles of the effective low-energy 
theory, certain additional terms which carry information about the 2-observable 
insertions. In the electric frame it takes the form: 



1 f dz 



2 



■ i dz ' 

X ■ (jj -\ —b ■ 00 

Any da 



exp 



dz 

-2mTi\+f - 2mTi\-f - 2i—S ■ X. 

da 



.9) 



( 

where the lattice F is H'^{X, 2) shifted by a half-integral class = ^W2{E) 
representing a 't Hooft flux for the SO{3) theory, that is, A e H'^{X, W.) + ^W2{E). 
As explained in detail in [35] , this shift takes into account the fact that in the SO{3) 
theory, while the rank-3 5*0(3) bundle E (which at a generic vacuum is broken 
down to E = {L® L"^)®^ = © C © L"^, O being a trivial bundle) is always 
globally defined - and therefore is represented by an integral class ci(L^) = 2A G 
2H^{X, '^)+W2{E) it is not necessarily true that the corresponding SU{2) bundle 
F (which wc can somewhat loosely represent at low energies by F = L(BL~^) exists, 
the obstruction being precisely W2{E): the line bundle L is represented by a class 
ci(L) = A e H'^{X, Z) + ^W2{E), which is not integral unless W2{E) = (mod 2). 
If W2{E) — mod 2, the 5(9(3) bundle can be hfted to an SU{2) bundle and one 
has F (g) F = © O, where now F is a globally defined rank-2 SU{2) bundle. 

For a given metric in X, u in (4.9) is the unique - up to sign - self-dual two- 
form satisfying - see for example [5,36]: uo ■ uj = 1 (recall that, as explained in 
[5] , the integral vanishes unless = 1 due to fermion zero modes and topological 
invariance). Here • denotes the intersection pairing on X, uj-X — J-^cuAX . Thanks 
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to its properties, uj acts as a projector onto the self-dual and antiself-dual subspaces 
of the two-dimensional cohomology of X: A_|_ = (A • a;)a;, A_ = A — A_|_. 

Prom the above formulas it can be readily checked, along the lines explained 
in detail in [32,36], that the integral (4.1) is well defined and, in particular, is 
invariant under the monodromy group of the low-energy theory (for example, this 
can be seen almost immediately for the semiclassical monodromy, which at large 
z c±u takes z — > e^"^*^ and a — > —a, ao ^ —o-D, while leaving r ~ tq unchanged. 

4.2. Wall crossing at the singular points 

At each of the three singularities, the corresponding local effective couphng 
diverges: yj — Im tj — > -|-oo, qj — > 0. The first step to analyse the behaviour 
of the integral around the singular points is to make a duality transformation (in 
r) to rewrite the integrand in terms of the appropriate variables: r — > — l/r near 
the monopolc point, etc. Due to the divergence of Im tj, one finds a discontinuity 
in Zu when A ■ u changes sign. We begin by considering the behaviour near the 
semiclassical singularity at zi. As the BPS state responsible for the singularity is 
electrically charged, it is not necessary to perform a duality transformation in this 
case: the theory is weakly coupled in terms of the original effective coupling r. Let 
us consider the integral (4.1). Fix A and define £{q) as follows: 

(Jj i \ (Jj /C J 

(4.10) 

Pick the n-th term in the above expansion. The piece of the integral relevant to 
wall crossing is [5]: 

oo +1 

J dxc(n)e2'^^^"-2'^2'"e-2'^^^(^++^-)e-2'^y(^+-^-)A+. (4.11) 

2/miii -i 

The integration over x = Rer imposes n — X'^; the remaining y integral can be 
easily evaluated with the result: 
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00 

yi^,(A^)e-.»AlA,= ^£(|i (4.12) 



(wc have set y^^^ = 0, as the discontinuity comes from the y ^ oo part of the 
integral). The result of the integral (4.12) is discontinuous as A_|_ = a; • A — > 0: 



Therefore, the wall-crossing discontinuity of Z„ at zi is: 



iZ=Zl 



f{rn,x,cr,To) 



dz ( da^ ^ 2^ 



dr V dz 



^a/8^2pz+S'^T{z)-2i{dz/da)S-X 



= ReSq=of{m,x,cr,ro) 



dq _;^2 (i^; / da 



^a/8^2pz+S'^T{z)-2i{dz/da)S-) 



.14) 



We have now to evaluate the wall-crossing discontinuities at the other two 
singularities. At the monopole point {z — Z2), we have to perform a duality trans- 
formation to express the integral in terms oi td — —^/t, which is the appropriate 
variable there. This duality transformation involves a Poisson resummation in 
(4.9), which exchanges the electric class A e H'^{X;'Z.) + ^W2(E) with the mag- 
netic class A* e H'^iX; 2)*, and inverts the coupling constant r. The details are 
not terribly important, so we just give the final result for the integral: 



J yo^^^ dTD dz 



E 



i dz ^ 

+ -. : S -U 



A-rryo dan 



(4.15) 



* Notice that, as the manifold X is spin, the magnetic class is an integral class, not a Spin^ 
structure as in [4]. 
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where now 



(4.16) 



The functions A and z are exactly the same as before, but expressed in terms of 
td- The crucial point here is that the modular weight of the lattice sum cancels 
against that of the measure. 

From (4.15) we can easily derive the wall-crossing discontinuity at Z2 along the 
lines explained above - see eqs. (4.10)-(4.14). The final result differs from (4.14) 
in several extra numerical factors: 



Res 



\Z=Z2 



qD=0 



/(m,x,<J,To)2-^(-l)^*-^ 



d<lD dz 



daD\ 
dro \ dz J 



^ 2 



2pz+S'To-i£-S.y 



(4.17) 



The corresponding expression at the dyon point z^, is exactly the same as 
(4.17) (with instead of qo) but with an extra relative phase i^^ [4,5,14], which 
follows from doing the duality transformation r — > = — l/(r — 1) in the lattice 
sum (4.9). 



4.3. Contributions from the singularities 

At each of the singularities, the complete effective theory contains a dual 
Abelian vector multiplct^ (weakly) coupled to a massless charged hypermultiplet 
representing the BPS configuration responsible for the singularity. This effective 
theory can be twisted in the standard way, and the resulting topological theory 
is the celebrated Witten's Abelian monopole theory. Its moduli space is defined 

f This is so for the monopole and dyon singularities; at the semiclassical singularity, the 
distinguished vector multiplet is the original electric one. 
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by the Abelianized version of eqs. (3.4). On spin four-manifolds, and for a given 
gauge configuration A G H'^{X; 2), the virtual dimension of the moduli space can 
be seen to be 

dimj = -Pl±M + (i)^ (4.18) 

A class A for which dim^ = is called a basic class. If we define x — —2 A, 
we see from (4.18) that for a basic class x ■ x — 2x + ^cr. As dim^ = 0, the 
moduli space consists (generically) of a (finite) collection of isolated points. The 
partition function of the theory evaluated at each basic class gives the Seiberg- 
Witten invariant Ux- The complete partition function will therefore be a (finite) 
sum over the different basic classes: ^singularity ~ X^a; ^x- If, on the other hand, the 
dimension of the moduli space of Abelian monopoles is strictly positive, one has to 
insert obscrvablcs to obtain a non-trivial result. This leads to the definition of the 
generalized Seiberg-Witten invariants [5,38]: if dim^ = 2n (otherwise the invariant 
is automatically set to zero), 

W,(A) = ((0)"),, (4.19) 

where cf) is the (twisted) scalar field in the Abelian M = 2 vector multiplet. For 
a four- manifold X with feg^ > 1, the -u-plane integral vanishes and the only con- 
tributions to the topological correlation functions come from the effective theories 
at the singularities. Those manifolds with > 1 for which the only non-trivial 
contributions come from the zero-dimensional Abelian monopole moduli spaces are 
called of simple type. No four-manifold with > 1 is known which is not of simple 
type. We will restrict ourselves to manifolds of simple type. The generalization to 
positive-dimensional monopole moduli spaces should be straightforward from the 
explicit formulas in [5] and our own results. 

The general form of the contribution to the generating function ^#''^+-^('5')^ 
from the twisted Abelian monopole theory at a given singularity was presented in 
[5]. It contains certain effective gravitational couplings as well as contact terms 
among the observables. We just adapt here eq. (7.12) of [5]: 
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\ /a,,^,,^ ^ "1/ U+A|/2-(2x+3a)/8^ ^ 

^ (4.20) 



In (4.20), aj is the distinguished (dual) coordinate at the singularity: a — a{zi) ~ 
a — m/y/2 at the semiclassical singularity, a]j — aD{z2) at the monopole point, 
and (a — ao) — (a — aD){zs) at the dyon point. Cj, Pj, Lj are a priori unknown 
functions, which can be determined by wall crossing as follows [5]. For 6^ = 1 

and fixed Aj, (4.20) exhibits a wall-crossing behaviour when u ■ Xj changes sign. 
At such points, the only discontinuity comes from SWn{X), which jumps by ±1. 
Therefore, the discontinuity in (4.20) is: 



da 



A/e^'^+^C^)), = ±Res«.=o (-l)^^'^ 



(4.21) 



(We have set x + c'' = 4, which is equivalent to fej = 1 for bo^X) = 1, bi(X) = 0.) 
The crucial point now is that the complete expression for the generating function 
cannot have wall-crossing discontinuities at finite values of z. This is not difficult 
to understand if one realizes that nothing physically (or mathematically) special 
occurs at the singular points: when expressed in terms of the appropriate variables, 
and once all the relevant degrees of freedom are taken into account, the low-energy 
effective description is perfectly smooth there. The conclusion is therefore that 
the discontinuity in the w-plane integral has to cancel against the discontinuity in 
the contribution from the effective theory at the singularity. As shown in [5] , this 
suffices to fix the unknown functions Cj, Pj, Lj in (4.20). 

At a generic vacuum, the SU{2) - or, more generally, the S0{3) - rank-3 
bundle E is broken down to E — ® O i^i L~'^ by the Higgs mechanism, where 
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O is the trivial line bundle (where the neutral Af = A multiplet lives), while L 
are globally defined line bundles where the charged massive J\f = A multiplets 
live. With our conventions, ci{L'^) = 2ci(L) = 2A G 2H'^{X; Z) +W2{E), which is 
indeed an integral class. The "monopole" becoming massless at the semiclassical 
singularity is just one of the original electrically charged (massive) quarks, which 
sits in an jV = 4 Abehan multiplet together with the Af — 2 vector multiplet of 
one of the massive W bosons. The corresponding basic classes are therefore of the 
form: 

X = -2Ai = -2ci(l2) ^ -4A e 4H'^{X; Z) + 2w2{E), (4.22) 

which are even classes since the manifold X is spin*. Notice that, because of (4.22), 
not all the basic classes of X will contribute to the computation at zi. Rather, 
only those basic classes x satisfying 

= W2{E), (4.23) 

with [|] the mod 2 reduction of |, can give a non-zero contribution. 
Taking this into account, we can rewrite (4.21) at zi as follows: 

A/e^^+^(^)\ =±lRes,-o|^(ai)-2^^+^/«?? 

^ (4.24) 

(notice that the phase (— 1)'^'^ does not appear here), where we have used 

ReSa=o [daF{a)] = 2 ReSg^o [dq{da/dq)F{a)], and we have taken into account that, 
near z = zi, ai = a — a{zi) = aQq^^"^ + ■ ■ ■. By comparing (4.24) with the wall- 
crossing formula for the integral at zi, (4.14), we can determine the unknown 

★ If the manifold is not spin, the basic classes are shifted from being even classes by the second 
Stieffel- Whitney class of the manifold, W2{X) [4]. 



X 



+ W2{E) = (mod 2) <^ 



X 
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functions in (4.20). We find, for example, 



(4.25) 



Res 



.26) 



(4.27) 



Putting everything together, the final form for the contribution to the gener- 
ating function at zi is given by the following formula: 

(eP^+^(^)\ = W,(A)27rz/(m,x,a,ro) 

dq \dz J 

We can now specialize to the simple-type case, for which 4A2 = (2% + 3a) /i. 

We use the following series expansions around zi: 

1 

z ^ zi + Kiq^ H , 

ai = {da/dz)i{z — zi) + ■ ■ ■ = [da/ dz)iKiq'^ + ■ ■ ■ , 
da/dz = {da/dz)i + • 

The final formula is the following: 

/ePO+HS)\ =2-f7rz/(m,x,a,ro) 

where u — {x + cr)/A. The delta function (Jj-^j ^ in (4.28) enforces the constraint 
(4.23), and T{zi) is given by: 

T{z,) = -^{dz/da),^ + £;2(ro)| + ^^4(ro). (4.29) 

The corresponding expressions at the monopole and dyon singularities can be 
determined along the same lines. One has to take into account the relative factors 
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in each case, and the fact that, at these singularities, the basic classes are given by 
X = — 2A = — 2A*, where A* is the appropriate dual class. One finds in this way, 
for the monopole singularity at Z2, the following expression: 

/, N -(^+a/4) (4.30) 

while for the dyon singularity at one finds: 



(j( W — (l^+cr/4) 



(4.31) 



where T[z2) and 2^(23) are given by expressions analogous to (4.29): 



nZ2) = -^{dz/daD)2^ + E2{TQ)^j- + ^E^{tq), 

^(^3) = -^{dz/d{aD - a)h^ + E2{to)^ + ^^4(to). 



4.4. The formula for the generating function 

The complete formula for the generating function of the half- twisted theory on 
simply-connected spin four-manifolds of simple type is given by the combination 
of (4.28), (4.30) and (4.31), summed over the basic classes (we do not sum over 
't Hooft fluxes, though). The contribution from the m- plane integral is absent, 
since it vanishes for manifolds with 6^ > 1. As for the as yet unknown function 
/(m, x, o", To), it is not possible to determine it completely in the context of the 
M-pIane approach. However, we will propose an ansatz for this function, which is 
motivated by a series of natural conditions that it has to satisfy. We will discuss 
later how modifications of the proposed form for /(m, x, a, tq) violate those condi- 
tions. As we will show, our ansatz leads to the right mass dependence according to 
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our previous arguments, which led to (3.13), and makes the partition function dis- 
play two properties of the partition function of the twisted A/" = 4 supersymmetric 
theory considered by Vafa and Witten [9]: it is a modular form of weight — x/2 
and contains the Donaldson invariants in the form shown in [16]. In addition, its 
final expression reduces to the Vafa- Witten partition function on K3. 

Our ansatz for /(m, x, cr, tq), which turns out to satisfy the properties stated 
above, is: 

/(m, X, CT, to) = -- 2(3x+7a)/8 ^./8^(^^)-12._ (4 33) 

TT 

Taking (4.28), (4.30) and (4.31), the formula that one obtains for the generat- 
ing function of all the topological correlation functions for simply-connected spin 
manifolds is the following: 



^ ^ 1 X 

+2-^(-l)-/8(«:2)^ (^^J e2f-^+^'^^ E(-l)^" 



\(dzjdao)^x-S 

X 

+2-^r^'(«:3)- (^^^^-^ "^'^'^ e2p-^+^'^^ Y^^-^f'^^ ^^ei(d.Mao-a))3X.5 

(4.34) 

where the sum is over all the Seiberg- Witten basic classes. This formula can be 
written in terms of modular forms by substituting the explicit expressions (2.10) 
for Kj and (2.11) for the periods. Notice that there is no need to resolve the square 
roots in (2.11). Indeed, the periods in (4.34) are raised to the power —{v -|- (t/4). 
Since the manifold X is spin, cr = mod 8, so (t/4 is even. As for = (x + c'')/4, 
it is only guaranteed* that i/ e 2. Nevertheless, as explained in sect. 11.5 of [5], 



■k For X = — 2A = — 2ci(L) a basic class, v is the index of the corresponding Dirac operator 
D : T{X, 5+ O Z) ^ T{X, 5" O i), which is always an integer [4]. 
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one can take advantage of the following property of the Seiberg-Witten invariants 
Ux - see [4] for a quick proof: 

n-x = i-lTux. (4.35) 

Upon summing over x and —x using (4.35), the factors ^2^'^^/'^°')^^'^ average to a 
cosine when v is even, and to a sine when v is odd. Therefore, no odd powers of 
{dz/da)j appear in (4.34). Note that as x is an even class on spin manifolds, ^■x/2 
is always an integer, and therefore the phase (— 1)^ 2 does not spoil the argument. 
Likewise, if x + 2^ = mod 4, it is also true that —x + 2^ = mod 4 {x is an even 
class), so if a given basic class x contributes to the first term in (4.34), so does —x. 

We will now work out a more explicit formula for the partition function (setting 
p = and S* = in (4.34)). Notice that, since the partition function does not care 
about whether the manifold is simply-connected or not, at least in the simple- 
type case (in any case, we are not computing correlation functions of observables) , 
we can easily extend our result to the non simply-connected case. As in [9] this 
extension involves the introduction of a factor 2"^^ in two of the three contributions. 
Notice also that, because of (4.35), the partition function is zero when u is odd, 
since Ux+ri-x — nx{l+{—lY)- Therefore, in the following formula for the partition 
function we assume that i/ is even. Upon substituting eqs. (2.10) and (2.11) in 
(4.34), and taking into account the identities (AlO), the partition function for a 
fixed 't Hooft fiux ^ is given by: 

+ 2>-'.+i('^«'<')(-i)ir«' (g(-,o'/^))"'' (^) 

(4.36) 

The partition function for gauge groups SU{2) and SO{?>) is easily obtained 
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from this expression. One finds: 




(4.37) 



Tfie constraint x = 4y in tfie first term in (4.37) means tfiat one fias to consider 
only tliose basic classes x G AH^(X; Z). Notice that this constraint implies that 
the corresponding contribution vanishes unless = 2% + 3(T = 8z/ + a = 16i/^ = 
mod 32. But since is even, this requires a = mod 16. Therefore, when 
a G 16Z, the first singularity contributes to the SU{2) partition function, and the 
leading behaviour of the partition function is: 

Zo-go"" + 0(go-"+'). (4.38) 

As in [9] , the leading contribution could be interpreted as the contribution of the 
trivial connection, shifted from (go)*^ to qo^" by the c-number we referred to in 
sect. 3. But notice that the next power in the series expansion is qo^'^'^^- The 
gap between the trivial connection contribution and the first non-trivial instanton 
contribution which was noted in [9] for the Vafa-Wittcn partition function is not 
present here: all instanton configurations contribute to Zgjj^2)- 

On the other hand, when a — S{2k + 1), /c G Z, the first singularity does 
not contribute to the partition function and the leading behaviour comes from the 
strong coupling singularities. Then Zq has an expansion: 

Zo ~ qo^ + O{qo^+^), (4.39) 

again with no gap between the contribution of the trivial connection (shifted from 
(?o)° by the c-number qo ) and higher-order instanton contributions. 
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As for the 5*0(3) partition function, one has to sum (4.36) over all allowed 
bundles, which means summing over all allowed 't Hooft fluxes. One finds in this 
way: 



^SO{3) - ^4 - 

\ / a;=4t 



X 



(4.40) 

To perform the summation over fluxes in (4.40), one uses the following identities 

[9]: 

EE(-1)^"^^- = 2^'E^- (4.41) 

^ X x^4y 

E E(-l)^'^^- = 2^^/2(-l)-/«5^ n,. 

^ a; X 
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5. Duality transformations of the generating function 

In this section we will study the properties under duality transformations of 
the generating function (4.34). We will start by checking the modular properties 
of Z^{to) as given in (4.36). As explained in [9], one should expect the following 
behaviour under the modular group. Under a T transformation, taking tq 
To + 1, the partition function for fixed ^ must transform into itself with a possible 
anomalous ^-dependent phase. Indeed, (4.36) behaves under T in the expected 
fashion: 



(5.1) 



Checking (5.1) involves some tricky steps that we now explain. Let us rewrite 
(4.36) as: 

= Ai(ro) ^^,[1 ]^«^ + [M^o) + r^'yl3(ro)] ^(-l)t-^na;. (5.2) 



where we have put Ai{ro) = m3(2x+3a)/8 (^ciqo^)/4:y^^ (^?3^4)^^^+^''^/^ A2{ro) 

^3(2x+3a)/82l-6i+i(7x+lla)(_i)a/8 (^(go'/')) (^2^3/2)^'^+^'^^/', and SO 

Under tq — > tq + 1 we have: 



on. 



A, Ai, A2 ^ ef (2x+3.)^3 ^ (-1)1^3, ^3 ^ ef (2x+3.)A2 ^ (_l)f 

(5.3) 

and we have taken into account that u e 2Z throughout. In view of (5.3), (5.2) 
transforms as follows: 

Z^^Z^^ Ai{ro)Y,^^^]^x + {-ir^^ [As{ro)+i-^"A2{ro)'\ ^(-l)i-^n^, 

X X 

(5.4) 

that is 



z. = 



.1)1 U ^-i)iAiJ2^^^]^^+ [^2 + i~^ AsJ ^(-l)i-^na 



(5.5) 

The phase (—1)°"/^ in front of Ai seems to spoil the invariance of Z^ under T. 
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That this is not actually so is because of the constraint ^ + x/2 = mod 2. Indeed, 
when ^ + x/2 = mod 2 we have = /A mod 4, and therefore 

which guarantees that is invariant (up to a phase) under tq — > tq + 1. 

Likewise, under an S transformation, taking tq — > — I/tq, one should expect 
the following behaviour: 

Z^(-l/ro) « ^(-l)^-^^c(^o). (5.7) 
C 

It turns out that the partition function (4.36) indeed satisfies (5.7). In fact, 

Z,(-l/ro) = 2-^2^-1)^/8 J](-l)C-e^^(,„). (5.8) 

' C 

In order to check (5.8), one has to use the modular properties of the different 
functions in (4.36), which are compiled in the appendix, and handle with care the 
summation over fluxes in (5.8). The following identities are useful: 

J](-l)C-^J]n.<5[.],, = ^(-l)Hn., 

X X 

E(-l)^-^E(-l)^-^^--2'^^E^-%],e (5.9) 

^ X X 

^(_l)f < = 2^^/V^^(-l)-/8 J](-l)f n.. 

^ X X 



To prove these identities, we borrow from eq. (5.40) of [9] the following formulas: 

z 

J2i-ir' - ^%,o, (5.10) 

z 
z 

In addition to this, we have to take into account that, since the manifold is spin. 
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(7 = mod 8, X E 2/j2(X; 2), and x-^,^'^ e 22. Similarly, one should not forget 
to impose the constraint i/ e 22. 

Using (4.37) and (4.40), one finds the following duality transformation proper- 
ties for the SU(2) and 5*0(3) partition functions: 



Zsu{2){tq + 1) = {-'^Y^^Zsu(2){tq), 

Zso{?,){tq + 2) = ^50(3)(7-o), (5.11) 

^5[/(2)(-l/ro) = {-ir"2-^'W'^Zsoi,){To). 

As expected, the partition function for 5*0(3) does not transform properly under 
^ tq + 1, but transforms into itself under tq — > tq + 2. The last of these three 
equations corresponds precisely to the strong- weak coupling duality transformation 
conjectured by Montonen and Olive [10]. 

We will now analyse the behaviour of the topological correlation functions 
under modular transformations. First, it is useful to work out how the different 
terms entering (4.34) transform. Under tq — > — I/tq we have. 



Z2 
Z2. 



T0^Z2, 
TQ Zl, 



T2 



T2 Z2 

■KTq 



TCTQ 

i 

TTTO 



(5.12) 



-zs 



These formulas entail for the topological correlation functions the following be- 
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haviour under an S transformation: 



1 \ SU{2) 



\ e 



SU{2) 



SUi2) _ 1 ,wc.N\SO(3) 



To 



(7(5)7(5))f - (f ) a(^)A^)>!?)'i + n S). 

(5.13) 

At first sight, the behaviour of {I{S)) under tq — > — I/tq seems rather un- 
natural. Since I{S) is essentially the magnetic flux operator of the theory, one 
would expect that it should transform under 5" into the corresponding electric flux 
operator J{S) ~ Tr (0 * F) of the dual theory. However, this operator (or any 
appropriate generalization thereof) does not give rise to topological invariants, so 
one could question whether it should play any role at all. Likewise, one would 
like to understand the origin of the shift (O) '^{S n 5") in the transformation of 
{I{S)I{S)). 

These a priori puzzling behaviours are quite natural when analysed from the 
viewpoint of Abelian electric-magnetic duality. In fact, there exists a simple 
Abelian topological model whose correlation functions mimic the behaviour in 
(5.13) under electric-magnetic duality. 

This model contains an Abelian gauge fleld A, whose fleld strength is deflned 
as F = dA, two neutral scalar fields 0, A, a Grassmann-odd neutral one-form ip and 
a Grassmann-odd neutral two-form x- The Lagrangian is simply the topological 
density 
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plus conventional kinetic terms for the rest of the fields: 

Lq = —tqF a F + ImToo?0 a *d\ + Imrox A *d'4^- (5.15) 
This Lagrangian possesses the following BRST symmetry: 

[g,^] = V, {QM-d(t>, [g,0] = [g,A] = {g,x} = o. (5.16) 

Notice that the non-holomorphic metric-dependent dependence on tq in (5.15) is 
BRST-exact: 

Im To {d(t) A *d\ + X A ^d-^) = Im tq{Q, ip A *d\ - X A *F}. (5-17) 

Therefore, the partition function J T>[A, 0, A, 0, x, ^° is metric- independent and 
a priori holomorphic in tq. 

The presence of magnetic sources in the theory is mimicked by imposing the 
conditions: 

j 2TTn'', rf e Z, (5.18) 

where the {5'a}a^i^...62(A') ^-^^ two-cycles representing a basis of H2{X; IR). Notice 
that indeed F gives the magnetic flux of F through 5". Owing to (5.18), F can 
be decomposed as F — da + 27r n"[5'a], where a is a one-form in X and [So] 
are closed two-forms representing a basis of H^{X;1R.) dual to {Sa}- With these 
conventions, the piece in J jCq containing the field strength is simply 

iTTTo J] n«ga6r^^ (5.19) 

a,b 

with Qab — Jxi^a] ^ [^b] = K^a H Sh) the intersection form of the manifold. The 
functional integral J VA q'^^ therefore involves a continuous integration over a plus 
a discrete summation over the magnetic fluxes rf'. 
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We wish to calculate the correlation functions (0^) and (J^(20F + ■?/' A ■?/')), 
and analyse their behaviour under duality transformations. For this we consider 
the generating functional: 



J VAV(f)VXVil;Vxe-fx^(P'^\ (5.20) 



where 



2 

jC(p, S) = 1— To-F A F + Im To rf0 A *dX + Im tq x A *dip 

+ ^(20F + V^AV^)A[5] + ^02_ 



(5.21) 



Notice that the operators 0^ and Jg{2(pF + ^ Atp) arc BRST-invariant. This 
guarantees, in the usual fashion, the topological invariance of the generating func- 
tion (5.20). 

It is possible to rewrite (5.20) in terms of an equivalent, dual theory, which is 
also a topological Abelian model of the same sort, but with an inverted coupling 
constant Tq^ = —1/tq. The details are similar to those in conventional Maxwell 
electric- magnetic duality [35,39,40]: one introduces a Lagrange multiplier Ajj to 
enforce the constraint F = ^^4 in the functional integral. This Ajj can be thought 
of as a connection on a dual magnetic hne bundle. Its field strength — dAf) is 
taken to have quantized fluxes through the cycles Sa- Fjj = dajj + 27r m'^ [^a] . 
To deal with the other fields, we augment the quintet {F, ■0, 0, A, x} with a dual 
Abelian field strength Fp, a dual neutral Grassmann-odd one-form ipu. dual neu- 
tral scalars (pD, X]j, a dual neutral Grassmann-odd two- form xd, bosonic four- form 
multipliers b, b, a Grassmann-odd three-form multiplier p and a Grassmann-odd 
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two-form multiplier a;, and consider the extended Lagrangian: 



S) = -^tqF AF+ ^^^d(j)D A *dX + ^^^ci0 A *dXD 
Att 2tq 2to 



Imro , , Imro , , 

+ X A *dtpD + -7Z—XD A *dip 

- AFd + h{(t)D - TQ(t)) + h{\D - foA) 
+ P A {ipD - TQip) +UJ A {XD - fQx)- 

By integrating out the dual fields Fp, (pD, ipD, xd and Xjj, and the multipliers b, 
b, p, u, it is straightforward to verify that the generating functional: 

J V[F, 0, ^, A, X, Fd, (Pd, i^D, Xd, Xd, b, b, p, cj] e^x ^(p-^), (5.23) 

where now the integration over F is unrestricted, represents the same theory as 
(5.20). The dual formulation can be achieved by integrating out instead the original 
fields F, 0, A, X a^iid ip, together with the multipliers b, b, p and cu. One obtains in 
this way the dual Lagrangian: 



^d{p, S) = --^Fd AFd + luiT^d(l)D A *dXD + Irar^XD A *o?V'Z) 

47rTo 

(5.24) 

Notice that this dual Lagrangian is invariant under the appropriate dualized version 
of (5.16): 



[Q, Ad] = ipD, {Q, M = d<l>D, [Q, <I>d] = [Q, Ad] = {Q, xd} = 0. (5.25) 



Prom (5.24) we can immediately read off the behaviour of the correlation func- 
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tions under tq — > — I/tq: 



S To ^ — 1/to 



-2 (A^))-l/.o > 



TO 

(5.26) 

which, as promised, faithfully reproduces the modular properties (5.13) of the 
corresponding topological correlation functions of the full, non-Abelian theory. 
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6. More properties of the generating function 



In this section we will analyse more properties of the generating function (4.34). 
First, we will study its behaviour in the massless limit m ^ 0, then we will show 
that the Donaldson invariants are contained in the partition function by studying 
the J\f = 2 limit (m — > oo) and, finally, we will show that on K3 it reduces to the 
one obtained by Vafa and Witten for another twist of the = 4 supersymmetric 
theory. 

6.1. Massless limit 

We wish to analyse the behaviour of (4.34) and (4.36) in the limit m 0. We 
would like to point out that there is no reason why this limit should make sense 
at all. In the massless limit, the three singularities of the low-energy description 
of the physical J\f — A theory collapse to a unique singularity at u — 0. This new 
singularity is a super-conformal point, whose contribution to the topological gen- 
erating function is not straightforward to analyse - see [32] for a related analysis 
- and need not be given by the naive limit of the contributions of the three singu- 
larities of the mass-deformed theory. What we find is that this hmit is meaningful 
provided that 2% + 3(7 > 0, but the corresponding expressions are non-trivial only 
when 2x + 3(T = 0. When 2% + 3a < 0, however, the partition function diverges 
as TTT,"^'^^"'""^'^!/®, but it is still possible to extract finite predictions for certain cor- 
relation functions. It would be interesting to compare these results with explicit 
computations from the twisted super-conformal N" — A theory at u — 0. 

Therefore, there are three different possible behaviours to be considered, de- 
pending on whether 2% + 3o" is positive, negative or zero. If 2% + 3a is positive, 
both the generating function and the partition function vanish in the massless 
limit. This can be understood as follows: the twisted (massless) theory has the 
anomaly — 3(2x + 3(t)/4, which is strictly negative if 2x-f3(T > 0; as the observables 
all have positive ghost number, there is no way to soak up the unbalanced fermion 
zero modes (whose net number is given by minus the anomaly) in the functional 
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measure, and therefore the generating function - and the partition function - van- 
ishes. If, on the other hand, 2% + 3(T is negative, the situation is the following. 
Consider a certain correlation function {O^^^ ■ ■■O^'^^). The observable insertions 
in (4.34) all carry an explicit mass dependence dictated by their ghost number, in 
such a way that: 

• • • OW) (X m3(2x+3cx)/8+E:=i 5n/2^ (6.1) 

with Qn the ghost number of the observable C>("). If 3(2x + 3(7)/8 + X)n=i fn/2 < 0, 
the corresponding correlation function diverges in the massless limit. If, on the 
other hand, 3(2x + 3(t)/8 + Yl^n=i > 0, the correlation function vanishes as 
m — > 0. Finally, if 3(2x + 3(t)/8 + Xln=i5''j/2 = 0, which is just the anomaly- 
matching condition for the massless theory, the correlator is perfectly finite and - 
a priori - non-trivial in the massless limit. 

So as to complete the discussion, we have to study the case in which 2x-|-3(7 = 0. 
In this situation the partition function is independent of m (and therefore non- 
vanishing in the m — > limit), but all the correlation functions vanish in this limit. 
This is consistent with the anomaly-matching condition, since when 2% -|- Scr = 
the massless theory is anomaly-free and therefore any correlation function involving 
observables with non-zero ghost number must vanish. 

6.2. The J\f ^2 limit and the Donaldson- Witten invariants 

We would like to analyse the fate of our formulas for the generating function 
under the decoupling limit m — > oo, go 0, holding Aq, the scale of the Nf — 
theory, fixed: 4m^go = Aq^. In this limit, the singularities at strong coupling 
evolve to the singularities of the A^^ = SU(2) theory, while the semiclassical 
singularity goes to infinity and disappears. While this limit is perfectly well-defined 
for the Seiberg- Witten curve, it is not clear whether the corresponding explicit 
expressions for the prepotentials and the periods should remain non-singular as 
well. In fact, one would be tempted to think that this is not the case, since this 
naive decoupling limit is highly singular as far as quantities such as the effective 
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action are concerned. The question therefore arises as to whether taking this 
naive Umit in the twisted theory could give a non-singular result, that is whether, 
starting from (4.34) or (4.36), one could recover the corresponding expressions for 
the twisted (pure) SU{2) J\f = 2 supersymmetric theory. This limit has been 
studied by Dijkgraaf et al. [16] for the Vafa-Witten partition function, and they 
were able to single out a piece which corresponds to the partition function of the 
twisted M —2 supersymmetric theory as first computed by Witten [4] . We will go 
a step further and recover, in the same limit, the full generating function for the 
Donaldson- Witten invariants. 

We will focus on the generating function (4.34). We will keep the leading terms 
in the series expansion of the different modular functions in powers of go- We will 
use the explicit formulas: 

G(go') = + • • • , ^3(go)^4(?o) = i + ■ ■ ■ , 

G(go'/') = l/go'/' + • • • , ^2(go)^3(go)/2 = go'/' + • • • , (6.2) 

^(-go'/') = + • • • , ^2(go)^4(go)/2 = go'/' + • • • ■ 

As for the modular functions entering the observables, we have the following be- 
haviour: 

1 1 
Zl = -m^ei{TQ) = -m^ + ^(Ao^/m^), 

Z2 = ^m2e2(To) = -^m2 - 4Ao2 + O^Kq" /rr?), (6.3) 
Z3 = ^rr?ez{TQ) = -^rr? + AKq^ + ©(Ao^/m^), 

{dz/da)i^ = -m'^{^3^4)^ = -m^ + 0(AoV"^^), 
{dz/daD)2^ = \m\^2^:i)^ = leAo^ + ©(AoV^^), (6.4) 
{dz/dadh^ = -^m2(i?2i?4)' = -16Ao2 + ^(AoVm^), 
and, for the contact terms Tj (4.29), (4.32): 

ri = 0(AoVm2), r2 = -2Ao2 + 0(AoVm2), Tg = 2Ao2 + ©(AqV^^). (6.5) 
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While the contribution from the semiclassical singularity behaves as 

2-z.^3(2x+3a)/8^^-.gpmV3 ^ (g g) 

the contributions from the strong coupling singularities give the following result: 

i_^3(2x+3a)/8^^-.(_l)a/8^^3./4^^(2x+3a)/16^-pmV6 



2i+i(7x+iia) L2p+#^(_i)f-^e^-x^^+-.-eV2p-# J](-l)f-Ce-^5- 



n 



X 



(6.7) 

(we have set Aq^ = —1/4:), where the quantity in brackets is precisely Witten's 
generating function for the twisted Af — 2 SO{3) gauge theory! 

6.3. Partition function on K3 

We now specialize to K3. This is a compact hyper-Kahler manifold, and as such 
one would expect [14] the physical and the twisted theories to coincide. Therefore, 
our formulas are to be considered as true predictions for the partition function and 
a selected set of correlation functions of the physical Af = 4 5*0(3) gauge theory 
on K3. 

Only the zero class x — contributes on K3, and nx=o — 1. Moreover, x = 24 
and (T = — 16, so 1/ = 2 and 2x + 3a — 0. Notice that because of the latter identity, 
the mass parameter drops out from the formula on K3, a nice check. The answer 
for K3 is therefore: 

- — 1 — + 2 2 ' ^ ' 

which happily coincides with the formula given by Vafa and Witten [9]. We can 
go even further and present the full generating function on K3: 



^ (6.9) 

G{qQ^) 2pz,+S'T, c , Gigof^'lpz^+S'T, , .-e G{-qO^^^) 2pzs+S'T3 



Notice that the correlation functions, which follow from (6.9), are proportional 
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to the mass m, and therefore all vanish (except for the partition function) when 
m ^ 0, as expected. 

The generating function for SU{2) is obtained from (6.9) by simply setting 
^ = and dividing by 2: 

^ /^^^'^ (6.10) 

8 +4 +4 

The corresponding expression for S0{3) bundles is given by the sum of (6.9) 
over all 't Hooft fluxes. As explained in [9], the allowed 't Hooft fluxes on K3 can be 
grouped into different diffeomorphism classes, which are classified by the value of 
modulo 4 {K3 is spin, so is always even). There are three different possibilities 
and, correspondingly, three different generating functions to be computed: ^ = 0, 
with multiphcity no — 1, gives just the SU{2) partition function; ^ ^ 0, e 4Z, 
with multiplicity iZeven = 

(222 ^ 2ii)/2 - 1; and = 2 mod 4, with multiphcity 
riodd = (2^^— 2^^)/2. The 5*0(3) answer is the sum of the three generating functions 
(with the appropriate multiplicities): 

\ / SO{3) \ /C=0 \ /even \ /odd 

^ l<:^(^Q2^g2p.i+5^Ti ^22iG(go'/')e2^^^+^'^^ +2iOG(-go^/2)e2p^^+^'^^ 

(6.11) 

All these generating functions behave under duahty as dictated by (5.1), (5.7) 
and (5.13). In particular, the 5" transformation exchanges the SU{2) and SO{3) 
generating functions according to (5.11) and (5.13). 
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7. Conclusions and final remarks 



In this paper we have computed the generating function of all the topological 
correlation functions of one of the twisted A/" = 4 supersymmetric theories, per- 
turbed by a mass term, for simply-connected four-manifolds of simple type. The 
result provides, for the first time, a framework to analyse duality transformations 
of correlation functions in a theory in which the duality symmetry holds exactly. 
The transformation properties of the topological correlation functions which have 
been obtained turn out to be very simple. Actually, these transformation seem to 
belong to a general class of duahty transformations. They are the same as those 
of a simple Abelian topological model, in which the duality transformation can 
be carried out explicitly by performing standard manipulations in its functional 
integral formulation. 

In obtaining the final expressions for the generating function, we made the 
ansatz (4.33) for the unknown function /(m, x, cr, tq) in the measure (4.3). This 
ansatz is consistent with some natural properties, which one expects for the gener- 
ating function. However, other choices are possible. We assumed that the partition 
function should transform under duality as a modular form with weight — x/2, as 
is the case for the theory considered by Vafa and Witten. A different hypothesis 
would have led to a different exponent for i]{to) in (4.33). For the mass dependence 
on (4.33), wc can be confident that it is correct, as it is the only possibility which 
leads to the structure dictated by the anomaly. Finally, the numerical factor could 
also be modified and still obtain the same results for K3 (as long as it remains the 
same when 2% -|- 3(7 = 0), and an equivalent behaviour in the H — 2 limit. Thus, 
in the main result (4.34), a global factor involving a modular form g{TQ, x, cr) such 
that g'(To,x, — 2x/3) = 1, could be missing. We believe, however, that our ansatz 
is correct but, certainly, it would be reassuring to have an independent argument 
to fix global factors in the plane approach, which could justify our choice. 

We have restricted our analysis to the case of simply-connected manifolds of 
simple type. The generalization of (4.34) to the non-simple type case can be easily 
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done within the framework of the -u-plane approach, by using the general formula 
(4.20). It would be very interesting to find out if the modular properties found 
in the simple-type case hold in general or, conversely, if they do not hold, which 
implications can be inferred for the higher-order Seiberg-Witten invariants. 

Our work shows, following [5,32,33,36], how wall-crossing techniques within the 
w-plane approach can be implemented to obtain explicit expressions for topological 

quantities. It would be very interesting to study if the same methods can be applied 
to the twist considered by Vafa and Witten to reobtain their results, and to extend 
them to more general types of manifolds. Another important issue that should be 
considered is the extension of our results, as well as those obtained by Vafa and 
Witten, to the case of SU (N) for arbitrary N. We expect to address some of these 
issues in future work. 



Acknowledgements: We would like to thank L. Alvarez-Gaume and J.L.F. Barbon 
for helpful discussions, and M. Marino for many useful remarks and for making 
available to us his results on J\f — 4 supersymmetric theories, and for a careful 
reading of the manuscript. One of us (C.L.), wishes to thank the Theory Division 
at CERN for its hospitality. This work was supported in part by DGICYT under 
grant PB96-0960 and by the EU Commission under TMR grant FMAX-CT96-0012. 



50 



APPENDIX 



Here we collect some useful formulas which should help the reader follow the 
computations in the paper. A more detailed account can be found in appendices 
A and B of [5]. A very useful review containing definitions and properties of many 
modular forms can be found in appendices A and F of [41]. 

A.l. Modular forms 

Our conventions for the Jacobi theta functions are: 

oo 

n=— oo 

00 

Mr)= Yl 9"'/^ = l + V/^ + 2?2 + ---, (A.l) 

n=— oo 

oo 

n=— oo 

where q — e^"^*"^. They satisfy the identity: 

Mrf = Mrf + Mrf- (A.2) 
They have the following properties under modular transformations: 

^?2(T+l)=e*'^/4^?2(T), 

i?3(r + l)=^4(r), (A.3) 
Prom these, the modular properties of the functions ej (2.3) follow straightfor- 



-Mr), 
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wardly: 



ei(-l/ro) = ro^e2(ro), 

e2(-l/To) = To^ei(To), 



ei(ro + 1) = ei(ro), 
e2(To + 1) = e3(To), 
e3(T0 + 1) = e2(To). 



(A.4) 



Notice that, from their definition, 61 + 62 + 63 = 0. Likewise, we can determine 
expUcitly the behaviour of the functions kj (2.10) and of the periods (2.11) under 
modular transformations: 



and 



/«i(-1/to) = To^K2(to), 
K2{-1/tq) = to^ki(to), 

«3(-1/t-o) = -TO^/t3(ro), 

{da/dz)i^\ L — TQ~^{daD/dz)2' 

TO 



ki(to + 1) = -ki(to), 

«2(to + 1) = «3(to), 

i^2,{rQ + 1) = fi;2(ro), 
(da/d2;)i^|7-o+i = {da/dz)i 



(A.5) 



(daz)/d2;)2 = TO (da/d2;)i^|-ro, 



{daD/dz)2^ 



ko+l 



(rfarf/(i^)3^|_j_ = To ^{dad/dz)^," 



TO 



ITQ) 



(dad/dz) 



3 |to+1 



((iad/dz)32|T-o, 

((iaD/(i^)2^|ro, 



(A.6) 



where we have set ad = — a- 

The Dedekind eta function is defined as follows: 



n=l 

Under the modular group: 

Vi-l/r) = 
The following identities are useful: 



Mr), r;(r + 1) = e-/i V) 



(A.8) 



Mr) 



M2i 



Mr) 



77(t/2)277(2t)2^ 



Mr) 



ri{r/2f 
V{r) 



(A.9) 



With these formulas we can rewrite the functions G{q) featuring in the Vafa-Witten 
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formula in terms of standard modular forms: 



\ f '2 \^'^ 1 1 



(A.IO) 



These functions have the following modular properties [9] : 



G(gV2)-^iG'(-gV2), G(gV2)-^/-2-iV-i2G(g2), (A.ll) 

G(-gV2)-^iG(gV2), G'(-?V2)-^/V12g'(-5V2). 



The Eisenstein series of weights 2 and 4 are: 
12 X ^ ng' 



= -a,log = 1 - 24 V = 1 - 24g + • • • 

it: 1 — 

1 0° 3 

^4 = ^(^1 + ^1 + ^1) = 1 + 240^^ 



n=l 



(A.12) 



While i?4 is a modular form of weight 4 for 5'/(2, Z), ii^2 is not quite a modular 
form: under r — >• (or + 6)/ (cr + d) we have: 



= (cr + d)'£;2(T) (cT + d). (A.13) 

cr -\- a I TT 



The non-holomorphic combination E2 = E2 — 3/(7rlmr) is a modular form of 
weight 2, which enters in the definition of the contact term T in (4.5). 
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A. 2. Lattice sums 



Here we quote some of the results in appendix B of [5], to which we refer 
the reader for more details. These formulas are quite useful when performing the 
duality transformations among the different frames on the w-plane. 

We introduce the following theta function: 



Qr{T,a,l3;P,-f) =exp 



J2 expi i7rT(A + + i7rf(A + pf_ + 2m{\ + /3) • 7 - 27ri f A + i/ij 



a 



^ expi mT{\ + (5)\ + mf{\ + (5f_ + 27ri(A + /3) • 7 - 27ri(A + /3) • a L 
Aer ^ 

(A.14) 

where F is a lattice of signature {h^^ hJ) on which an orthogonal projection P±{X) — 
\± and a pairing (a, /?) ^ a • /3 e H are defined. 

The main transformation law is: 

Or (-1/r, a, P, ^ + ^) = ^^i^-^rf+/\^ff-I^Q^, (r, P, 7), 

(A.15) 



where V* is the dual lattice. Given a characteristic vector W2 £ F, such that 



A • A = A • W2 mod 2 



(A.16) 



for all A e r, then we have: 



er(T + 1, a, (5- P, 7) = e-^'^^-^'^/^er (^r, a - /? - ^«;2, P, 7) (A.17) 
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